THE CONTINUITY OF FUNCTIONS OF MANY VARIABLES

BY
RICHARD KERSHNER

1. Introduction. It is known that a function f(x, ¥) of two real variables
may be continuous with respect to each variable separately throughout a
given region without being continuous with respect to (x, ) at all points of
the region. In fact, W. H. and G. C. Young(') have given an example of a
function f(x, y) which is a continuous function of the position along every
straight line in the unit square [0, 1]X [0, 1] but which has an uncountable
number of two-dimensional discontinuities in every rectangle contained in the
unit square. The example of W. H. and G. C. Young could easily be modified
so as to yield a function continuous along every analytic arc but with an un-
countable number of discontinuities in every rectangle.

If the number of variables is greater than two the situation becomes even
worse. As was pointed out by Baire(?), for three variables, and subsequently
by Hahn(?®), for any number of variables, a function f(xi, xs, - - -, ¥,) may
be continuous in each variable x; and yet be discontinuous with respect to
(%1, %9, - + -, x,) at every point of an (#n—2)-dimensional rectangle. In fact
let g(x1, x2) be a function continuous in x; and x, separately but discontinuous
at (0, 0). Then

J(@, @y - -y 20) = g(21, %2)

is discontinuous at every point of the (# —2)-dimensional region x;=0, x2=0.
Finally, Lebesgue(#) has shown that a function f(xy, xz, - - -, ¥.) which is con-
tinuous in each variable x; separately may be of the (n—1)st Baire class, al-
though no worse.

The problem of considering how much could be said concerning the #-di-
mensional continuity points of a function f(x1, 3, * - -, x,) which is assumed
to be continuous in each x; separately was first treated in 1899 by Baire in
the fundamental paper(®) in which he introduced most of the classic notions
associated with his name. For the case of two variables his results were com-
plete. He showed that
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(A) If f(x, y) 1s, in the unit square, a continuous function of x, for fixed y,
and a continuous function of v, for fixed x, then there is a residual set of lines
parallel to each axis consisting entirely of points where f(x, y) is continuous with
respect to (x, ).

Here and throughout the paper a set contained in an interval is called a
residual set if its complement in that interval is of first category.

It should be recalled that, in consequence of Baire’s classic theorem, a
residual set in an interval is uncountably dense in every subinterval. Thus
the statement obtained from (A) by reading “dense” for “residual” is an im-
mediate consequence of (A). Actually Baire explicitly displayed only this
weaker consequence although he actually proved (A). It follows immediately
from (A) that

(B) Under the assumptions of (A) every line parallel to an axis contains a
dense set of points where f(x, y) is continuous with respect to (x, y).

Clearly (A) is much stronger than (B). For example, (A) does, but (B)
does not, imply that

(C) Under the assumptions of (A) the set of points where f(x, y) is discon-
tinuous with respect to (x, y) has dimension (Menger) at most zero.

Of course this beautiful theorem (C) was not stated by Baire, since the
general notion of dimension involved is of a later date.

Baire also treated the case of three variables in the same 1899 paper. Un-
fortunately he was not able to generalize the result (A) (which, as is shown
in §6, is definitive) but only the weaker consequence (B). Of course, in view
of the fact that f(x, y, z) may be of the second Baire class, it is rather surpris-
ing that even (B) may be extended to the case of three variables. However,
Baire was able to show that every plane parallel to a coordinate plane must
contain a dense set of continuity points for f(x, ¥, ), assumed continuous in
x, v and 2 separately.

The methods of Baire apparently yielded nothing for f(x1, %3, - - -, ) if
n>3, and it was not until 1910 that Hahn(®) showed that, in spite of the
increasing Baire class, a generalization of (B) remained valid for any #. In
fact, it was shown that any (#.— 1)-dimensional hyperplane obtained by fixing
one coordinate must contain a dense set of continuity points of a function
f(x1, %2, - + -, x,) assumed continuous in each x;.

The only other consideration of the problem of which I am aware is a
paper of Bogel(") who established the conclusion of (B) under somewhat
weaker assumptions than those of Baire.

(%) Loc. cit. Footnote 3.
(") K. Bogel, Uber die Stetigkeit und die Schwankung von Funktionen sweier reeler Verander-
lichen, Math. Ann. vol. 81 (1920) pp. 64-93.
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The main purpose of this paper is to show that not only (B) but also the
definitive result (A) can be generalized to the case of an arbitrary number
of variables. The precise result, stated here for the case of three variables, is
the following:

If f(x, v, 2) s, in the unit cube, a continuous function of x, and of y, and of z
then there is a residual set of planes parallel to each coordinate plane, on each of
which there is a residual set of lines parallel to each possible coordinate axis con-
sisting entirely of points where f(x, v, 2) is continuous with respect to (x, y, 2).

In particular the result to be established in the case of an arbitrary num-
ber of variables is strong enough to establish the natural generalization of (C),
that is,

If f(x1, %2, = -+, Xx,) 15, in the unit cube, a continuous function of each x;,
then the set of points where f(x1, X2, + + +, Xn) s discontinuous with respect to
(x1, X2, + + +, x) has dimension at most (n—2).

It will be recalled that the set of discontinuities may have dimension # —2
even if f(x1, x5, + - +, x,) is an algebraic function.

The extension of the Baire results to the case of more than two variables
is based mainly on a set-theoretic lemma (Lemma 2) which is proved in §2.
Section 2 also contains a list of the notations and results of a set-theoretic
nature that will be needed later.

Section 3 contains a similar list of notations and results of a function-
theoretic nature that will be used. These are surprisingly few in number and
elementary in nature.

In §4 a greatly simplified proof is given of the Baire result for a function
of two variables. This is technically unnecessary since the induction proof to
be given in §5 for the case of any number of variables could be based on the
completely trivial case #=1 rather than the Baire case =2, but the Baire
result does not seem to be so well known as it deserves to be and it seemed that
a direct modern proof might be useful.

In §6 it is shown that the results of §5 are the best possible. It seems not
to have been known even that the Baire result (A) was best possible.

It might be wondered whether the results of §5 can be strengthened by
requiring more smoothness, for example, the existence of partial derivatives
or a 1-dimensional Lipschitz condition, parallel to the axes. This problem is
treated in §7, where it is shown that an assumption considerably weaker than
a 1-dimensional Lipschitz condition of any order a>0 is sufficient to ensure
that the discontinuities of f(xi, x2, * + -, X») are nowhere dense. This result
seems to be new even in the simplest case n=2, although Bogel(8) has a much
weaker result in this direction in the case n=2. '

Finally, in §8, it is shown that the result of §7 is definitive and in fact
that no further restrictions on the set of discontinuities are imposed by re-
quiring any degree of smoothness, short of analyticity, parallel to the axes.

(®) K. Bogel, Uber partiell differenzierbare Funkti , Math, Zeit.vol. 25 (1926) pp. 490—498.
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It might be mentioned that the results of this paper could easily be ex-
tended to quite abstract product spaces but the author’s interests do not lie
in that direction.

2. Preliminaries. In this section will be listed certain notations and re-
sults, some of them classic, that will be used in this paper. Special attention
is called to the set-theoretic Lemma 2. which seems to be rather powerful.

Set. The bracket notation [a; - - - ] (or [ ES; - - - ]), is used to denote
the set of all those elements a (of S) for which the specified restrictions
“ ... 7 are satisfied.

Interval. All intervals are understood to be open unless otherwise specified.
The closed unit real interval [0, 1] is denoted by U or Ui. The closed unit
n-interval UXUX - - - XU is denoted by U,. If I=(a, b) is a subinterval
of U then |I| denotes its length b—a.

F,. A setis called an F,-set if it is the sum of a countable number of closed
sets. '

Dimension. The recursive (Menger-Urysohn) definition of dimension will
be used. The empty set has dimension —1. A set S has dimension at most m
if each neighborhood of every point of S contains another neighborhood of
that point whose boundary intersects S in a set with dimension at most m —1.

Category. A subset of U, is called of the first category if it is the sum of a
countable number of sets nowhere dense in U,. All other subsets of U, are
called of the second category.

Restidual. A subset of an interval of U, is called residual in that interval
if its complement in that interval is of the first category.

BAIRE’'S THEOREM. The empty set is not residual, that is, an interval is of the
second category.

Baire’s theorem will be used mainly in conjunction with one of the fol-
lowing two lemmas of which the first is classic (and trivial) and the second
seems to be new.

LeMMA 1. Let {S j} be a sequence of sets in U, such that S;is closed and )_S;
s of the second category in U,. Then, for some integer k, Sy contains a subinter-
val of U,.

Proof. Since )_S; is of the second category, not all S; are nowhere dense.
Thus some S} is dense in a subinterval I of U,. But Sy is closed, so Sy D1I.

In order to facilitate the statement of the other desired lemma, two defini-
tions are given next.

Linearly closed. A set SC U, will be called linearly closed if it intersects
cach line parallel to a coordinate axis of U, in a closed set. Thus S is linearly
closed if, for each fixed

(xly X2, * 0y Xi-1y Xitly * * "y xn) E U —1
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the set
[x: € U; (21, 225 - - -, iy, %iy ®igr, - -+, %) €S|

is closed.

Clearly a closed set is linearly closed, but not conversely.

Property A. This will be defined for sets in U, inductively with respect to
n. A set SC U, has property A if it is of second category in U;. A set SCU,
has property A if there is a set RC U,_1 such that

R has property A in U,
and such that if

Xp-1 = (xla Xoy *c xn—-l) e R
then the set
[#. € U; (a1, %) € 5]

is of second category in U.

In view of Baire’s theorem it is clear that U, itself has property A and R
may be chosen as U,_i1. More generally any set which contains a subinterval
of U, has property A in U,.

LeEMMA 2. Let {S j} be a sequence of sets in U, such that S;is linearly closed
and )_S; has property A. Then, for some k, Sy, contains a subinterval of U,

Proof. The proof is by induction on z. If =1, Lemma 2 follows from
Lemma 1. Suppose then that the case #—1 of Lemma 2 is valid.
Since )_S; has property A there is a set RC U,_; such that

1) R has property A in U,
and

)] Xn—1 € R implies T = [%a; (Xao1, %) € D_S;] of second category.
For fixed x,_1ER let

(3) Ti = Tf(xﬁ—l) = [xﬂ; (xn—l’ xn) esf]’ j = ln 2, St .

Then T is closed since Sj is linearly closed. Also Y T;=T is of second cate-
gory by (3), (2). Thus, by Lemma 1, there is, for each x,_1ER, at least one
integer k£ and a corresponding interval ICU such that T DI. Thus, if for
each x,_1ER and for each k=1, 2, - - -, one defines

@ M1, k) =max [| I|; I C Ti(x._y) C U]
(which exists since T is closed), then

) for every x,—1 € R there is a & such that N\(x,_;, ) > 0.
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Now, for each j=1,2,---;k=1,2,-.-,let
M,‘,k = [xn—l € R; )\(Xn—ly k) = l/j]

Then, clearly, x,_1€& M, if and only if there is an interval I =I(x,1, k) CU,
such that g

(6) . | f(x,,_,, k)| =1/ and %, € I(x,._.l, k) implies (X4—1, %n) € Sk.

It will now be shown that the induction assumption may be applied to the
sequence of sets M; 3 CRCU,_.. First _M;:=R. In fact if x, 1ER then
by (5), N(Xn—1, k) =1/j for some j, k, and s0 x,.1E 2 M. Thus D M;,, has
property A by (1).

It remains to show that M;,; is linearly closed. To this end it is sufficient
to prove that if {x;} is, for fixed 1<i<n—1, a sequence of numbers in U
such that

(7) lim x;,, = %; exists
. h—w
and
(8) (xlv X2y * 0y X1y Xihy Xig1y " xn—l) e Mi,kr h= 17 2! )
then
(%1, %3, -+ - ) Xisyy &y Xig1, * -+ 5 Xn1) € Mg

It has been seen, in (6), that (8) implies the existence of an interval I=I,C U
such that |I;| 21/jand

%n € I implies (%1, X2, * * * , Xi_1, Xishy Xit1, * * * y Xne1y %) E Sk

Let x,,» denote the midpoint of I;. Then there is a subsequence x,,,, which
is convergent, say

xn,h,,, g fn-
Now let x,, be a fixed number in U such that
(9) | Xn — .'X-?n_l < 1/2.;;

so that
| 20 — 2] = (1/2) — 5

for some 6>0. Then; for sufficiently large m,

I X by — :E,.I <o
so that
| 2, — Xonn | < 1/24.

Thus x,&1,,, for sufficiently large m. Then

(x1, X2y < ¢, Xiy, Xihpy Xitly * * gy a1y %) € Sty
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for sufficiently large m. Then, since Si is linearly closed,
(21, %2, * -+ * 5 Xiay &iy Fig1y ** * 5 ¥a1, Xn) E Sk
by (7). But this is true for any fixed x, in the interval (9) of length 1/j. Thus
' (%1, %2, + + +y Xim1y &iy Kig1, © 5 %n1) € M

and it has been shown that M ; is linearly closed.

The induction assumption may now be applied to the sequence {M;,;}
and it is found that, for some integers ji, k1 the set M, z, contains a subinter-
val of U,_i1. Let J; be a closed subinterval of U,_; contained in M}, x,. Thus,
for every point x,_; of the interval J; there is an interval I =1I(x,_1) CU such
that

| (xa) | 2 1/71
and
% € I(xq—1) implies (xu—1, %n) € Sk,.
Now let K, for j=1, 2, - - -, 2j1, denote the interval
Ki= (G — 1/, j/(2j)) CU
of length 1/(27:). Then let Nj, for j=1, 2, - - -, 2j, be the set
N; = [xX.1 € J1; 2. € K; implies (xn_y, ,) € Sk, ].

Then it is very easily seen that Nj; is linearly closed. On the other hand,
if x,.1EJy then I(x,_;), being an interval of length at least 1/j; must con-
tain some one of the intervals K; Then x,,EN; for some j, that is,
X,—1E)_N;. Thus D N;D.J; and so ) N; has property A by Baire’s theorem.
Thus, again applying the induction hypothesis, some N;, contains a subin-
terval J;CJ1C Un_1. Then the subinterval J, XK, of U, is contained in S; .
This completes the proof of Lemma 2.

Another property of subsets of U, which is connected with property A
will be useful later and is defined now. _

Property T'. Again the definition is inductive for sets in U,. A set SC U,
has property T if it is residual in U;. A set SC U, has property T if there is a

set RC U,— such that

R has property T in U,
and such that if x,_;ER then the set .
[2. € U; %oy, 2.) € ]

is residual in U. .
Clearly a set with property I' has also property A, not conversely. How-
ever, there is a more striking connection expressed by the following:
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"LEMMA 3. A set SCU, has property T if and only if U,—S does not have
property A,

Proof. This can be proved by a straightforward induction. (If =1 the
statement reduces to the definition of a residual set.) The details of the proof
suggest themselves readily.

Projection. If SCU, then, for each ¢=1, 2, - - -, n, the set of all

(xb X2y © "0y i1y Xitly " "y xn) E Un—l
such that there exists an ;& U for which
(%1, %2y -+ =, Xic1y ®iy Xigr, - -, %) €S

is called the projection of S on Uj ;.
The last set-theoretic lemma that will be needed involves a connection
between the property A and the dimension of a subset of U,.

LEMMA 4. Let SCU,.. Suppose that the projection of S on U, for each
i1=1,2, -+ -, n, fails to have property A. Then S has dimension at most n—2.

Proof. Again this can be shown by a straightforward induction which it
does not seem necessary to present in detail. It should be mentioned that one
uses Lemma 3 and two well known facts about residual sets, namely that the
product of two residual sets is residual and that a residual set is dense.

3. Further preliminaries. Throughout this section let f(x1, xs, * * -, %n)
=f(%p-1, ¥n) =f(x,) be defined in U, and be a continuous function of each x;
for fixed x1, X2, * - -, Xi_1, Xig1, - - * , Xn. In particular f(x,—1, X) is a continu-
ous function of x, in U.

Unicontinuous. For convenience a function f satisfying the above condi-
tions will be referred to as unicontinuous.

8¢(Xn—1). For fixed x,_1&E U,_1, f is a uniformly continuous function of x,,
that is, for every €>0 there is a 8. such that

I Xn — jﬁ' = O
implies
lf(xﬂ—l' Xn) — f(xn—-l, %) I < e

It is apparent that for each ¢>0 and for fixed x._,, there is a greatest such é..
This greatest 8, will be denoted by 6(xs—1).

LEMMA 5. For each € >0, 7> 0 the set of points
[Xn—1 € Un-t; 6e(xa1) = 0]
s linearly closed.

Proof. This statement, which expresses the upper semi-continuity of
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8e(x1, X2, » + -, Xa—1) with respect to each of %y, - - -, x5, is reasonably well

known and in any case is trivial.
Q(f, S). If Sis a subset of U, then Q(f, S) will denote

Q(f, S) = Lub. [f(x.); x» €S] — g.lb. [f(x,); x» € S].

Clearly SCT implies 0= Q(f, S) = Q(f, T).
Q(f, x,.). If x,€U, then Q(f, x,) will denote

Q(f, x.) = g.lb. [Q(f, S); S is open and x, € S].
LEMMA 6. If x, €U, and S, is the open cube of side 1/n centered at x, then
ﬂ(f, xn) = lim Q(fv Sh).
h—w

LEMMA 7. The function f is continuous at x, if and only if Q(f, x,) =0.
LEMMA 8. For each 1> 0 the set
[x € U; 9/, x) 2 ]
is closed.

These three well known facts are stated only for reference.
4, Functions of two variables. This section will be devoted to the consid-
eration of a unicontinuous function f(x1, x;) defined in U..

THEOREM 1. Let f(x1, x2) =f(x2) be unicontinuous in U,. Then for each n>0
the set

D, = [x: € Uy; f, x1) Z 1]
has a nowhere dense projection on Uy and Uj.

Proof. In view of the symmetry of the assumptions it is sufficient to prove
that D, has a nowhere dense projection on U} .
Let € be fixed in 0 <e<7/4. Then let

SfE [xle Ul; se(xl) g, l/j], j = 1, 2,. cey,

where 6.(x;) = 8¢(x2—1) was defined in §2. Then S; is closed, by Lemma §.
Also>.S y= U is of second category by Baire’s theorem. Hence, by Lemma 1,
there is an integer k and an interval IC U such that ICS;. Thus

1) %1 € I implies 6(x1) = 1/k.
It will now be shown that if
(%, %) = €I XU
then 7
Q(f, x2) § 4e.
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To this end let # €I and % € U. Then, since f(x1, %) is a continuous function
of x;, there is a § >0 such that if x,E (£, — §, #1+ 68) then

| f(%1, B2) — (&1, &) | < e
Choose 6 >0 so small that (£ — 8, %14 8) CI, as may be done since I is open.
Then, by (1), for each x,E (£, — 6, £1+6)CI
| 7(x1, 22) — f(1, 502)| Se
provided
' I X3 — 552' S 1/k = 6d(w).

Combination of the last two inequalities shows that the function value at any
point (x1, x2) in the rectangle

J = (5;1—6,931-{-6) x (.’22— l/k,xz"‘l‘l/k) )
differs from the function value at (%, x;) by at most 2¢. Thus
Q(fr J) < 4e.

(I do not pause over the modifications necessary at the boundary of U..)
Thus, a fortiori,

Qf, (&1, %2)) < 4e < 1.

But (&1, %) was any point I X U.

It has been shown that U, contains a strip I X U which contains-no point
of D,. But the argument given was equally applicable to any substrip of U..
This completes the proof of Theorem 1.

THEOREM 2. Let f(x1, x2) be unicontinuous in U,. Let D denote the set of
points in Uy where f(x1, x2) is discontinuous. Then D is an F,-set and the projec-
tion of D on U} (U?) is of first category.

Proof. If Dy, is the set
Dy = [x2 € Us; Qf, x2) 2 1/]

then Dy, is closed, by Lemma 8. Also Dy, has a nowhere dense projection
on U! by Theorem 1. Since Y_Dy,=D, by Lemma 7, the proof is complete.

The next statement is the one which was called (A) in the introduction.
It is clearly a restatement of Theorem 2.

THEOREM 3. Let f(x1, x2) be unicontinuous in U,. Then there is a residual
set of lines parallel to each axis consisting entirely of points where f(x1, x2) is
continuous. ‘ :

THuEOREM 4. The set of discontinuities of a unicontinuous function in U, has
dimension at most zero.
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Proof. This is immediate from Theorem 3 in view of the fact that a resi-
dual set is dense. Of course it follows from Lemma 4 also.

5. Functions of many variables. This section will be devoted to a proof
of the appropriate generalization of the results of the last section for a uni-
continuous function on U.,.

THEOREM 5. Let f(x1, + - -, %.) =f(x,) be unicontinuous in U,. Then for
each >0 the set

Dﬂ = [xﬂ € U, Q(f; xn) 2 ’7]
has a nowhere dense projection on U,_, for eachi=1,2, - - - , n.

Proof. Clearly it is sufficient to prove that the projection of D, on Us_, is
. nowhere dense.
- Let € be fixed in 0<e<%/8. Then let

S:’ = [xn—l E Un—l; ae(xn—l) = 1/]]: j = 1: 2) Tt

Then S; is linearly closed by Lemma 5. Also )_S;= U,_; has property A in
Un-1 by Baire’s theorem. Hence, by Lemma 2, there is an integer k2 and an
interval I, yC U,_; such that I,_1CS;. Thus

(1) X1 € I,_; implies 8(xn—1) = 1/k.

Now suppose the theorem true for functions unicontinuous in U,_;. For
each fixed x,E U let f,,(x,-1) denote the function f(x,_i, £,) of x._1. Let {x..4}
be a dense sequence in U. Finally let

A
De = [xn—l E Un—-l; Q(f:c,.,p xn——l) ; é].

Then by the induction assumption D? has a nowhere dense projection on U,_,
and, a fortiori, D? is nowhere dense in U,_;. Thus, by Baire’s theorem,

h .
Z D, does not contain I,_;.
h

Thus there is a point X,_1EI,_; such that %,_; is not in any D?, that is, so that
2 S zr Xn1) < €
It will now be shown that for every x,E U,
Qf, (Xn-1, %)) < 8e.

In fact let #,E€ U be fixed. Since {x.,} is a dense sequence there is some b,
such that

| 22 — %, | < 1/2k.

Buf, since in_léI"_l, this means, by.(1),
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| #n — %, | < 8e(Tnr)
so that
(3) | f(in—l» xﬂ) - f(in—ly xn.hl) | é €,

by the definition of 6¢(xs—1). No;w, by (2) and the definition of Q(f:, ., Xa-1),
there is an open neighborhood JL, of %,_; in U._ such that

U f ey Tat) < 2e.
Thus
(@) o1 € Jo'y implies | f(Rao, %ni)) — f(Zaets Zun) | < 2e.

Now suppose J, has been chosen so “small” that J® ,CI,_; which is clearly
permissible. Then _

%01 € J221 C Iy implies 8.(Xns) = 1/k.

In other words

(5) | %o — %ap,| < 1/k implies | f(Xoe1, Tnop) — f(Xno1, Zn) | < e
Combination of (3), (4), (5) gives

(6) | fRass ) — f(Rnrs ) | < 4

whenever

) %os €0y and | o — xan,| < 1/R

where #; was determined so that
| Zah, = Za| < 1/2R.

In particular if | %, —£a| <1/2F the second requirement (6) is automatic. Thus
for any point (x,—1, X») of the neighborhood

I = T2ty X (% — 1/2k, 2 + 1/20)
of (%—1, %,) the inequality (6) is valid, Then,

Qf, I) < 8e
and, a fortiori,
Qf, %) < 8e
It has now been shown that the set
(8) [xs € Un; (f, x2) < 8¢]

contains the line %,_, X U. But (8) is an open set (cf. Lemma 8) in U, and so
(8) contains a strip J,_1 X U for some interval J,_1C U,_1.



1943] THE CONTINUITY OF FUNCTIONS . 95

The above argument gives the existence of a strip J,—1 X U in the comple-
ment of D,CDs, (since 8¢ <7). But this argument was equally applicable to
any substrip of U,. This completes the proof of Theorem 5.

Exactly as in the case of two variables the following is an immediate con-
sequence.

THEOREM 6. Let f(x,) be unicontinuous in U,. Let D denote the set of points
in U, where f(z,) is discontinuous. Then D is an F,-set and the projection of D
on Ui_, is (for each i=1, 2, - - -, n) of first category.

This result, which is the natural extension of Theorem 2, does not obvi-
ously imply the desired generalization of Theorem 4. However, in view of
Lemma 2, Theorem 6 is equivalent to the following:

THEOREM 7. Let f(x,) be unicontinuous in U,. Let D denote the set of points
in U, where f(x,) is discontinuous. Then the projection of D on Us_, (for each
i=1,2, - - -, n) does not have property A.

Proof. In view of Lemma 1, an F,-set is of second category if and only if
it contains an interval. In view of Lemma 2 and the fact that a closed set is
linearly closed, an F,-set has property A if and only if it contains an interval.
Thus, for F,-sets, first category is equivalent to the negation of property A.
This shows the equivalence of Theorems 6 and 7.

Of course Theorem 7 may be stated in a positive fashion similar to Theo-
rem 3. It is this statement which was displayed, for the case =3, in the in-
troduction. Finally

THEOREM 8. The set of discontinuities of a unicontinuous function in U,
has dimension at most n— 2.

Proof. This is immediate from Theorem 7 and Lemma 4.
6. An example. In this section it will be shown that Theorem 6 describes
the possible sets D completely. This is done by proving the following.

THEOREM 9. Let D be any F,-set in U, such that the projection of D on Ui,
(for each i=1, 2, - - -, n) is of first category. Then there exists a unicontinuous
Sfunction on U, for which D is the set of discontinuity points.

The example which proves Theorem 9 will be constructed with the help
of certain auxiliary functions whose existence is demonstrated first.

LEMMA 9. Let D be any closed set in U, such that the projection of D on Ui,
(for each i=1, 2, - - -, n) is nowhere dense. Then there exists a function f=fp
on U, such that

(a) 0=fp=1;

(b) fp is unicontinuous on U,;

(c) Qfp, x,) =0, if x,€U,—D;

d) Qfo, xs)=1, if x,ED.
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Proof. By an oriented closed cube K in U, will be understood a closed
n-cube with faces parallel to the coordinate hyperplanes. With each oriented
cube K C U, let there be associated a function gg with the following proper-
ties:

(1) gk is defined and continuous on K;

(2) gg=0 on the boundary of K;

(3) 0=gx=1;

(4) gg=1 at the midpoint of K.

For example gg(x,) might be chosen proportional to the distance from Xn
to the boundary of K.

Let a line, parallel to the 7th coordinate axis of U, (4=1, 2, - - -, n) be
called an ¢-grid line if it contains a point of D. Let D¥ be the set of all points
which lie on some ¢-grid line. Then D is clearly a closed set since D is closed.
Also D} has the same projection on U,_; as D, hence D¥ is nowhere dense
in U.,.

Now let D*=) 7 ,D¥ Then D* is a nowhere dense closed set in U,. Let
C*= U, — D*, so that C* is an open set dense in U,. It is well known that any
open set in U, is the sum of a countable number of nonoverlapping oriented
closed cubes. Thus C*=) K; where K is an oriented closed cube in U, and
K; and K; have at most boundary points in common.

Notice that every point of D is a limit point of midpoints of the K. In
fact D_K;=C* is dense in U, and so each point of D is a limit point of points
in some collection of K;. But any finite collection of K; form a closed set
disjoint from D* and, a fortiori, disjoint from D. Thus each point of D is
a limit point of points from distinct K;. But the diameters of any infinite
collection of K; obviously must approach zero since Y K;C U,. Thus each
point of D is a limit point of midpoints of K.

Now let {Pj} be a sequence of points in D such that every point of D is
either a point P;or a limit point of points P;. The existence of such a sequence
is quite obvious. Let a subsequence { K, ;} of the cubes K be chosen in such
a way that the midpoint of K,,;is at a distance at most 1/m from P;. The
fact that {K,,,, ,~} exists is clear from the preceding paragraph. It is clear that
by proceeding inductively with respect t6 m+j the K, ; might be chosen as
all distinct, but this is not essential.

Finally let f=fp be defined in U, by

ngKm;(Xn)lfxneKmJ! j=1’27”';m=jvj+1v””
6 S =1 0 i €U T Kns |

my

It is to be shown that this function fp satisfies the requlrements (a)-(d) of
Lemma 9.

First of all (a) is obvious from (5) and (3).

In order to prove (d) let P be a point in D. Then either P is a point P or P
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is a limit point of such points. In the first case P =P; then P is a limit point
of the midpoints of the cubes K,,; for m=j, j+1,---. Thus P is a limit
point of points where fp =1 (in view of (5), (4)). But also P is a limit point of
boundary points of K.,; where fp=0. Thus Q(fp, P)=1. In the other case,
that P is the limit of some sequence {P;,}, then P is also the limit of the mid-
points of K, ;; and again Q(fp, P) =1. This establishes (d).

To prove (c), let P be a point where 2(fp, P) >0. Then P is not an interior
point of any cube Kn,; by (1). Thus fp(P) =0 (and in fact P is a limit point
of points where fp =0). But, since Q(fp, P) =6>0, P must also be a limit point
of points where fp > 8/2 and hence a limit point of points in some subsequence
{Kn,;;} of {Kn,;}. This subsequence cannot contain only a finite number of
distinct cubes since, if it did P would clearly be an interior point of some K, ;.
Thus P is the limit point of midpoints of an infinite sequence {Kn,,;} of dis-
tinct cubes. But each such midpoint is at a distance at most 1/m; from P;,.
Thus P is a point P;; or a limit point of such points and, in either case, PED,
since D is closed.

Finally, to prove (b), the value of fp along lines parallel to the axes must
be considered. If such a line is a grid line then it is contained entirely in D*
and fp=0 by (5). If such a line is not a grid line it is contained entirely in
U.—D so that fp is continuous at every point by (c) and, a fortiori, is con-
tinuous along the given line.

The proof of Lemma 9 is now complete and it is now very easy to prove
Theorem 9.

Proof of Theorem 9. Let D be any F,-set in U, having a first category
projection on U,_;. Then, by the definition of an F,-set, D =) D;, where D;
is closed. But D; has a nowhere dense projection on each Ug_;. (In fact if a
closed set is dense in some interval it contains the interval and so is not of
first category by Baire’s theorem.) Thus each D; satisfies the requirement of
the set D in Lemma 9. Let fp, be a function associated with D; satisfying
(a)-(d) of Lemma 9. Then let

f= 3 o3l

=1

Then the series defining f is uniformly convergent by (a). Thus f is unicontinu-
ous since all fp, are unicontinuous. Also f is continuous on U, —D = U,—2_D;
since each fp, is continuous on U,—D;D U, —>_D;. Finally, at any point P
of D, f is discontinuous since the convergence factors 1/3% were chosen sufh-
ciently rapid that “cancellation” of the discontinuities is impossible in view
of (d).

7. The consequence of stronger assumptions. This section and the follow-
ing one are devoted to an investigation of the consequence of assuming
stronger smoothness than simply continuity parallel to the axes. In order
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to state the precise requirement that will be considered in this section, a
definition is needed first.

Let f(x,) be a unicontinuous function in U,, so that f(x,—1, x,) is a uni-
formly continuous function of x, in U. Let

— ry _ 1’
w(xn—ly 6) = lz.gb?fés I f(xn—ly xn) f(xn—ly Xn ) l .

Then w(x,—1, 8) is, for each fixed x,-;, a monotone non-decreasing function
of §in 0<6=1 with w(x,—1, 0+40)=0.

Condition S: The function f(x.—1, x.) of x, is said to satisfy condition S
if there exists a sequence {wn(8)} of functions w.(8) defined for 0< § <1 such

that
wm(0 4+ 0) = 0

and, for every x, & U,_, there is an integer m such that
(Zn_1, 0) = wm(d), 0<é= 1.

For example if, for each fixed x,.;, f satisfies a Lipschitz condition of
order one, such a sequence is provided by wa(6) =m- 8. If it is known only
that for each x,_, f satisfies a Lipschitz condition of some positive order then
wn(8) =m-6Y™ is a sequence of the required type. By considering such se-
quences as w,(8) =1/ l log 6| Um it is seen that condition S is very weak. How-
ever the theorem to be proved next, taken in conjunction with the example of
the preceding section, implicitly shows that condition S is not always satisfied.

THEOREM 10. Let f(x,) be a unicontinuous funciion on U, which satisfies
condition S with respect to any one of its variables as x,. Let D denote the set of
points in U, where f(x,) is discontinuous. Then D is an F,-set and the projection
of Don Ui_,is (foreachi=1,2, - - -, n) nowhere dense.

Proof. The proof is by induction based on the completely trivial case n=1.
Suppose then that the theorem is true for the case n —1.

Now let
S’ = [xn—l; w(x»-.ly 6) é wi(a)]'

Then S;is easily seen to be linearly closed. Also »_S;= U,_; in view of condi-
tion S. Thus Lemma 2 can be applied to the sequence {.S;} and one finds that
there is an integer k and a subinterval I,_yC U,_; such that I, ;CS;C U,_i.

Let £,&€ U be fixed. Then f(x,—1, %), considered as a function of x,;, has,
by the induction hypothesis, discontinuities at a set of x,—; with a nowhere
dense projection and, a fortiori, nowhere dense in U,_;. Thus there is an in-
terval J,_1CI,_; where f(x,—1, ) is a continuous function of %,_;. Thus if
%p-1E J,—1 then for every €>0 there is a §. such that

l Xpn_1 — X,,,_ll < Bg implies Xn—1 e J,,_l and

W l Sxn-1, %a) — f(Xn-1, %n) I < ¢/2.
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Now let §>0 be chosen so that
wi(8) = ¢/2
which is possible since wx(040) =0. Then, for any x, ,EJ,1C L1 CSk,
w(xa_1, 8) = wi(®) < €/2.

Thus, by the definition of w(x,_1, 8),
(2) | # — x.| < & implies | f(Xn_1, &) — f(Xa_1, %) | < /2.
From (1) and (2), one has

| fRrts £a) = J(xners 20) | < €

if ]i,._l—x,._ll <é.and I:E,.—x,.l < 8. Hence f is continuous at (#,_1, %,). But
(%n_1, %,) was arbitrary in J,_, X U. ’

It has been shown that U, contains a strip J,_1 X U consisting entirely
of continuity points of f. But the argument leading to the existence of this
strip is equally applicable to any substrip of U,. Thus the discontinuity points
of f have a nowhere dense projection on U,_,. The symmetry of the assump-
tions shows that the proof is complete.

8. Another example. In this section it will be shown that the conclusion
of Theorem 10 cannot be strengthened (as far as a restriction on D is con-
cerned) even if the assumptions are strengthened to the point of requiring
the existence of all derivatives along any line parallel to an axis. The precise
statement of the theorem to be established follows.

THEOREM 11. Let D be any F,-set in U, such that the projection of D on U},
(for each i=1, 2, - - -, n) is nowhere dense. Then there exists a function f(x,)
on U, such that f(x.), considered as a function of any one of the variables (for
fixed values of the remaining n—1 variables) has all derivatives and such that D
is the set of discontinuity points of f(xn).

Proof. The construction of the example which proves Theorem 11 is simi-
lar to the construction in the proof of Lemma 9 and will not be given in quite
so much detail.

First let D be the closure of D. Then D has a nowhere dense projection on
each U, As in the proof of Lemma 9 let D} be the set of points lying on
some “s-grid line,” that is, some line parallel to the x;-axis containing a point
of D. As before, let D*=) 7., D#. Finally let C*=U,—D*, so that C* is a
dense open set in U,. Now C*=)_K; where K; is a closed oriented cube and
K; and K;have at most boundary points in common.

With any closed oriented cube K C U, let there be associated a function gg
which, in addition to satisfying the requirements (1)—(4) of §6, is infinitely
differentiable along any line parallel to an axis, with all derivatives vanishing
at the boundary of K. (Of course, at the boundary of K these derivatives are
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all one-sided derivatives calculated with respect to the interior of K.) For
example, if K is the unit cube U, then gk might be chosen as

gx(21, %9, - -+, %n) = exp (8n) [] exp (— l/xf)-exp (—1/(x; — 1)2).
=1

Now let the F,-set D be written as D =) D, where D} is closed. For each &
let {Pk,,-} be a sequence of points in Dy, such that every point of D is either
a point Py, ;or a limit point of such points. Also let {Ka,,;} be a subsequence
of the cubes K; such that the midpoint of K, ,;is at a distance at most 1/m
from Py,;. This time it is important to choose the Ka,,; all distinct.

Now a function f(x,) satisfying the requirements of Theorem 11 can be
defined by

(1/B) 8k 1 j(%2) if X0 € Kook, iy m Z max (k, j);
0 if % € Un — 2 Kmotor-

m2k, ]

f(xn) =

The fact that this function is discontinuous on D and continuous on U,—D
is verified very much as it was shown that the function fp defined in the proof
of Lemma 9 had D as its set of discontinuities. In the present case Dk turns
out to be the set of points P where Q(f, P)=1/k. To see that f is infinitely
differentiable along any line parallel to a coordinate axis, notice that such a
* line lies either in D* or in C*. In the first case f=0. In the second case the
given line is at a finite distance >0 from the closed set D* and, a fortiori,
at a distance at least >0 from any point of DCD*. Thus at most a finite
number of the cubes K, x,;, with m=max (k, j), are intersected by the given
line. Thus along the given line f is zero save for a finite number of nonover-
lapping intervals in which it is modified by inserting an infinitely differentia-
ble piece with all derivatives vanishing at the end points. This completes the
proof.
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